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strong correlations: what are they?



the many-electron problem

Born-Oppenheimer approximation, non-relativistic
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electron-electron interaction

why is it a problem?




More Is Different

simple interactions among many particles
lead to surprising co-operative behavior

Nobel Prize in Physics 1977

4 August 1972, Volume 177, Number 4047 SCIENCE

More Is Different

Broken symmetry and the nature of
the hierarchical structure of science.

P. W. Andexson

less relevance they seem to have to the
very real problems of the rest of sci-
ence, much less to those of society.

The constructionist hypothesis breaks
down when confronted with the twin
difficulties of scale and complexity. The
behavior of large and complex aggre-
gates of elementary particles, it turns
out, is not to be understood in terms
of a simple extrapolation of the prop-
erties of a few particles. Instead, at
each level of complexity entirely new
properties appear, and the understand-
ing of the new behaviors requires re-
search which I think is as fundamental
in its nature as any other. That is, it



co-operative phenomena

human brain

flocking traffic jam

(photos from wikipedia)



In solid-state systems

superconductivity

high-Tc superconductivity

non-conventional superconductivity
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bad news: the exact solution is not an option
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bad news: the exact solution is not an option

neutral iron, N=26

\ M W(rl,rz,...,rN)
AN

The tabulation of one variable requires a page, of two variables a volume, and of
three variables a library; but the full specification of a single wavefunction of neutral
Fe is a function of seventy eight variables. It would be rather crude to restrict to ten
the number of values at which to tabulate this function, but even so, full tabulation of

it would require 1078 entries, and even if this number could be reduced somewhat
from considerations of symmetry, there would still not be enough atoms in the whole
solar system to provide the material for printing such a table. -

D.R. Hartree (1948)




good news: it would be anyway useless

On the other hand, the exact solution of a many-body
problem is really irrelevant since it includes a large
mass of information about the system which although
measurable in principle is never measured in practice.

[..] An incomplete description of the system is
considered to be sufficient if these measurable
guantities and their behavior are described correctly.

E. Pavarini and E. Koch, Autumn School on Correlated Electron 2013, Introduction
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why questions
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what can be done then ?
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a way out: density-functional theory

1964

PHYSICAL RRVIREW VOLUME 136, NUMBER 3B 9 NOVEMEBR 12464

Inhomogeneous Electron Gas*

F. Hanexereot
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Eeole XNornale St pevietire, Purts, France and Facullé des Scaences, Orsay, Frames
and
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similar fo a coilection of moninleracting pariicles
with the {mportant additional concept of collective From a theory of Hohenberg and Kohn, approximation methods for trealing an inhomogeneous system
cxcitations, of interacting electrons are developed. These methods are exact for systems of slowly varying or high density.

(i the other hand, there has been In existence stuge For the ground state, they lead to self-consistent equations analogous to the Havtree and Hartree-Fock

the 1920°% a diffcrent approach, represented by the
Thomas-Fernil method® and its refinerments, in which

erjuations, respectively. In these equations the exchange and correlation portions of the chemical potential
af & uniform electron gas appear as additional effective potentials. (The cxchange pertion of our effective
palential ditfers from that due to Slater by o factor of §.) Electronic systems af finite temperatures and in

the electronic demsity »(r; plays a central role and in magnetic fiells are also treated by similar methods. An appendix deals with a further correction for

which the system of electrons is pictured wore like a systems with short-wavelength density escillations. ’

classical liguid. This approach has been uselul, up to

now, for simpte though crude descriptions of inhomo- . !

gencous s_\-'st(?ms ke atoms and iml?uriﬁcs in metals. I INTRODUCTION I_n Sees. IIT and_ IV, wo LFC?fCleC the necessary mod{ﬁ-
Lately there have been wiso some Impartant advances IN recent vears 1 great deal of allenlion has been cations to deal 'wlth_the inmt}&tempera'ture properties

alony his second e of approach, such as the work of given to the problem of a homogencous gas of inter- and with the spin paramagnetism of an inhomogeneous

Kompaneets and Pavlovski,? Kirzhnits,? Lewis,® Barad acting electrons and its properiies have been established ¢lectron gas. . .

and Burowitz,® Baradl,” and 1:Bois and Kivelson ® The with a considerable degree of confidence over a wide Of course, the: simple methods which are here pro-

present paper represents a conlribution in the sanie area, range of densities. Of course, such a homogeneous gas po_se_d 1‘n general m'\rolve Crrors. These are of two gene{al
3 . e - et otigins!: a too rapid variation of density and, for finite

represents only a mathematical model, since in all real
systems {atoms, molecules, solids, etc.) the electronic
denslty is nonuniform.

1t is then a matter of interest to see how properties
of the homogeneous gas can be utilized in theoretical

systems, boundary effects. Refincments aimed at re-
ducing the first type of error are briefly discussed in
Appendix IT.

IT THE MPAOAITND STATH



1998: Nobel Prize in Chemistry to Walter Kohn




the standard model. density-functional theory




1998: Nobel Prize in Chemistry to Walter Kohn

In my view DFT makes two kinds of contribution to the science of multi-
particle quantum systems, including problems of electronic structure of
molecules and of condensed matter:

The first is in the area of fundamental understanding. Theoretical chemists
and physicists, following the path of the Schroedinger equation, have become
accustomed to think in a truncated Hilbert space of single particle orbitals. The
spectacular advances achieved in this way attest to the fruitfulness of this per-
spective. However, when hlgh accuracy is requlred SO many Slater deter—
ired (in s calct ns 1 t ' O”)ttcomreenszo
y perspective. It focuses on’

minants are reued (in so calcultlons
oe 1fﬁlt DFT DT rovides a com emetar y
uantlis in the real, 3-dimensional cordlnteace 'pmc1pally on the
electron density n(r) of the groundstate. Other quantities of great interest




the Kohn-Sham eigenvalues

:ZHO

ol 70
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Kohn-Sham auxiliary Hamiltonian
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(in practice: LDA,GGA,...)



unexpected successes of DFT

Kohn-Sham eigenvalues as elementary excitations!
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unexpected successes of DFT

Kohn-Sham eigenvalues as elementary excitations!

successes of the independent electron picture

Kohn-Sham auxiliary Hamiltonian
. 1_, .
he = Z [—Evi + vR(ri)] = Z he(T;)

mean-field-like Hamiltonian




strongly-correlated systems:
those for which the KS approximation fails



deep problems: Mott systems

KCu
DFT (LDA): it is a metal!
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Experiments: insulator! Above 40 K a paramagnetic insulator



origin of failures: one-electron picture

the whole is more than the sum of its parts



Mott transition

ab-initio Kohn-Sham approximation fails...

editorial

The Hubbard model at half a century

Models are abundant in virtually all branches of physics, with some achieving iconic status. The Hubbard
model, celebrating its golden jubilee this year, continues to be one of the most popular contrivances of

theoretical condensed-matter physics.

Capturing the essence of a phenomenon refine his model. His ‘Electron correlations
while being simple: the ingredients of a in narrow energy bands’ would eventually
top model in physics. Since the early days comprise six installments. ‘Hubbard IIT**
of quantum mechanics, many models, became especially important as it showed
Hamiltonians and theories aiming to that for one electron per lattice site — the
provide a deeper understanding of Hubbard model at half filling — the Mott (or
various properties of condensed matter Mott-Hubbard) transition is reproduced.
have been put forward — with varying This is a type of metal-insulator transition
degrees of success and fame. One that could not be understood in terms of
truly legendary model is the Hubbard conventional band theory (which predicts
model, independently conceived by that a half-filled band always results in a
Martin Gutzwiller!, Junjiro Kanamori? conducting state).

and, of course, John Hubbard® — their The simplicity of the Hubbard model,
original papers all appearing in 1963. The when written down, is deceptive. Not only

NATURE PHYSICS | VOL 9 | SEPTEMBER 2013 | www.nature.com/naturephysics

when the field of cold-atom optical trapping
had advanced so far that experimental
realizations of the Hubbard model could

be achieved. A landmark experiment
demonstrated how a lattice of bosonic
atoms displays a transition from a superfluid
to a Mott insulator®, a result accounted

for by the Bose-Hubbard model (the
Hubbard model for bosons). Many other
variants of the Hubbard model, including
the original model for fermions®, have

been experimentally realized by now, a
development that nicely illustrates how a
model can become the target of experiments

but it can be explained with

523



Hubbard model at half-filling

atomic hoppings atomic

(ii/) ©

1. t=0: collection of atoms, insulator
2. U=0: half-filled band, metal

canonical model for Mott transition



a drastic simplification
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high-T; superconducting cuprates

phase diagram

Pl

metal

? holes in CuO2 plane

half filling



1989-1992: dynamical mean-field theory

map LATTICE problem to QUANTUM IMPURITY problem

local self-energy approximation

® W. Metzner and D. Vollhardt, Phys. Rev. Lett. 62, 324 (1989)

® E. Miiller-Hartmann, Z. Phys. B 74, 507 (1989);
Z..Phys. B 76,211 (1989); Int. J. Mod. Phys. B 3, 2169 (1989)

® A. Georges and G. Kotliar, Phys. Rev. B 45, 6479 (1992)

®M. Jarrell, Phys. Rev. Lett. 69, 168 (1992)



1989-1992: dynamical mean-field theory

Hubbard model
I:I — &d Z Z C’}LJC’LJ o tz Z C:,'raci’a +U Zn’iTnii
1 O (it’)y O (

G'l=G'+X
G =G

k-independent self-energy

exact in the infinite coordination number limit
Metzner and Vollhardt, PRL 62, 324 (1989); Georges and Kotliar, PRB 45, 6479 (1992).



dynamical mean-field theory
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(13”)
U=0 1 |
; half-filled metal
0+ . spectral weight transfer
W: band width =
Bethe Lattice ; 0
g narrow quasi-particle peak
U~W E 0.5
U>Uc

Hubbard bands

G. Kotliar and D. Vollhardt, Physics Today 57, 53 (2004)



DMFT for real materials

realistic models
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in theory, more indices

Build Quantum Impurity Model

Quantum Impurity Solver «—

Jolly good show! 2 (ivn)

You converged G(i,/n)




in practice, QMC-based QI solvers

computational time

[imited number of orbitals/site
finite temperature

sign problem
some /nteractions are worse than others

some bases are worse than others

we need minimal material-specific models



minimal material-specific models
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chose the one-electron basis in a smart way — minimal models
idea: DF T-based Wannier functions

 span full Hamiltonian
 good electron density
_*very good description of weakly correlated states
 average and long-range Coulomb included
« information on lattice and chemistry
« allow energy- and symmetry-based downfolding

E. Pavarini et al., PRL 87, 047003 (2001); PRL 92, 176403 (2004); New J. Phys. 7, 188 (2005)



and (sufficiently) general QI solvers

PHYSICAL REVIEW LETTERS week ending

VOLUME 92, NUMBER 17 30 APRIL 2004

Mott Transition and Suppression of Orbital Fluctuations in Orthorhombic 3d' Perovskites

E. Pavarini,' S. Biermann,> A. Poteryaev,3 A. L Lichtenstein,® A. Georges,2 and O. K. Andersen®
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new QMC-based QI solvers

REVIEWS OF MODERN PHYSICS, VOLUME 83, APRIL-JUNE 2011
Continuous-time Monte Carlo methods for quantum impurity models

Emanuel Gull and Andrew J. Millis
Department of Physics, Columbia University, New York, New York 10027, USA

Alexander |. Lichtenstein
Institute of Theoretical Physics, University of Hamburg, 20355 Hamburg, Germany

Alexey N. Rubtsov
Department of Physics, Moscow State University, 119992 Moscow, Russia

Matthias Troyer and Philipp Werner
Theoretische Physik, ETH Zurich, 8093 Zurich, Switzerland

(Received 15 April 2010; published 5 May 2011)

Quantum impurity models describe an atom or molecule embedded in a host material with which it
can exchange electrons. They are basic to nanoscience as representations of quantum dots and
molecular conductors and play an increasingly important role in the theory of “correlated electron™
materials as auxiliary problems whose solution gives the ‘“‘dynamical mean-field” approximation to
the self-energy and local correlation functions. These applications require a method of solution
which provides access to both high and low energy scales and is effective for wide classes of
physically realistic models. The continuous-time quantum Monte Carlo algorithms reviewed in this
article meet this challenge. Derivations and descriptions of the algorithms are presented in enough
detail to allow other workers to write their own implementations, discuss the strengths and
weaknesses of the methods, summarize the problems to which the new methods have been
successfully applied, and outline prospects for future applications.

DOI: 10.1103/RevModPhys.83.349 PACS numbers: 71.20.—b, 02.70.Ss, 71.27.+a



flexible and efficient solvers

HE — YRS ol e self-energy matrix in spin-orbital space
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+ CT-HYB: A. Flesch, E. Gorelov, E. Koch and E. Pavarini
Phys. Rev. B 87, 195141 (2013)
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sign problem: smart adapted basis choice



... and powerful computers
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what can we do so far?

spectral functions many orbitals
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what can we do so far?

orbital order Fermi surface spin-orbit

| LDA+SO+DMFT
S-Pbca
cLDA

conductivity realistic Coulomb spin waves
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our dft+dmft package

‘ QMC: CPU-time
consuming part




CPU-time: QMC block
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Phys. Rev. B 87, 195141 (2013)




®—® hybridization-expansion CT-QMC




®—® hybridization-expansion CT-QMC

Z =Tr (e PH=r 7 ()

1 .
l:mthb (Tl)
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only even orders survive (m=2k)



®—® hybridization-expansion CT-QMC

bath-impurity decoupling

A k k CYC tc
Zbath N %:/ i / 7 %;dﬁ',a(T, 7_')155_’5_(7-’ 7_-)
wc — ch dC tC
dy o(7,7) = det (F3 ,(7,7))
do bath hybridization function

t. |the difficult part: local trace t’ff,a(T,T)




®—® hybridization-expansion CT-QMC

local trace: segment solver

th _(7,7) = Ttioe (e AHecnNOTITL o0 (1)l (7)),

order (k) gives number of creators/annhilators




H analytic expression k=1
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®—® hybridization-expansion CT-QMC

Z = ch = Z lw,| sign w,

configuration c: expansion order & flavors

(0) = > (O)cJwelsign we " (O)c|we|sign we/ S, |wel N o SN (0) sign w,

S welsign we S |welsign we/ S Jwe] Nic > . sign w,



why not half the number of sweeps?
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QMC time/iteration (a.u.)




signh problem
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our dft+dmft package

‘ QMC: CPU-time
consuming part




even harder: response functions

Bethe-Salpeter equations
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atomic limit, increasing U
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high-Tc superconducting cuprates (eg”)

PRL 121, 057002 (2018)
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high-Tc superconducting cuprates (eg”)




high-T¢ superconducting cuprates

VOLUME 87, NUMBER 4

PHYSICAL REVIEW LETTERS

23 Jury 2001

Band-Structure Trend in Hole-Doped Cuprates and Correlation with 7' .«

E. Pavarini, I. Dasgupta,* T. Saha-Dasgupta,” O. Jepsen, and O. K. Andersen

Max-Planck-Institut fiir Festkorperforschung, D-70506 Stuttgart, Germany
(Received 4 December 2000; published 10 July 2001)

By calculation and analysis of the bare conduction bands in a large number of hole-doped high-
temperature superconductors, we have identified the range of the intralayer hopping as the essential,
material-dependent parameter. It is controlled by the energy of the axial orbital, a hybrid between Cu 4s,
apical-oxygen 2p., and farther orbitals. Materials with higher T, max have larger hopping ranges and

axial orbitals more localized in the CuO, layers.
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the single fluid picture

PHYSICAL REVIEW B VOLUME 43, NUMBER 1! 1JANUARY 1991

Cu and O NMR studies of the magnetic properties of YBa,Cu,0, ¢2 (T. =62 K)

M. Takigawa,” A. P. Reyes,f P. C. Hammel, J. D. Thompson, R. H. Heftner, 2. Fisk, and

K. C. Ot
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FIG. 8. Various components of the Cu and O Knight shift are plotted against temperature with different vertical scales and ori-
gins. The T-independent values of spin Knight shifts in the y ~0 material (from Refs. 6 and 25} are also plotted with the same verti-
cal scales.
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half filling (x=0)
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half filling
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Properties that change as superconductivity disappears at high-doping concentrations
in La, _, Sr,CuO,

J. B. Torrénce, A. Bezinge, A. 1. Nazzal, T. C. Huang, and S. S. P. Parkin
IBM Research Division, Almaden Research Center, 650 Harry Road, San Jose, California 95120-6099

D. T. Keane, S. J. LaPlaca, P. M. Horn, and G. A. Held
IBM Research Division, Thomas J. Watson Research Center, Yorktown Heights, New York 10598
(Received 10 May 1989)
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Direct search for a ferromagnetic phase in a heavily
overdoped nonsuperconducting copper oxide

J. E. Sonier*®', C. V. Kaiser?, V. Pacradouni®, S. A. Sabok-Sayr®, C. Cochrane?, D. E. MacLaughlin,

S. Komiya®, and N. E. Hussey®

*Department of Physics, Simon Fraser University, Burnaby, BC, Canada V5A 156; “Canadian Institute for Advanced Research, Toronto, ON, Canada M5G
1Z8; ‘Department of Physics and Astronomy, University of California, Riverside, CA 92521; “Central Research Institute of Electric Power Industry,
Yokosuka, Kanagawa 240-0196, Japan; and “Herbert Henry Wills Physics Laboratory, University of Bristol, Bristol BS8 1TL, United Kingdom

Edited by Zachary Fisk, University of California, Irvine, CA, and approved August 12, 2010 (received for review May 25, 2010)

The doping of charge carriers into the CuO, planes of copper oxide
Mott insulators causes a gradual destruction of antiferromagnet-
ism and the emergence of high-temperature superconductivity.
Optimal superconductivity is achieved at a doping concentration
p beyond which further increases in doping cause a weakening
and eventual disappearance of superconductivity. A potential
explanation for this demise is that ferromagnetic fluctuations com-
pete with superconductivity in the overdoped regime. In this case,
a ferromagnetic phase at very low temperatures is predicted to ex-
ist beyond the doping concentration at which superconductivity
disappears. Here we report on a direct examination of this scenario
in overdoped La,_,Sr,CuO, using the technique of muon spin
relaxation. We detect the onset of static magnetic moments of
electronic origin at low temperature in the heavily overdoped non-
superconducting region. However, the magnetism does not exist in
a commensurate long-range ordered state. Instead it appears as a

PHYSICAL REVIEW LETTERS 121, 057002 (2018)
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Development of Ferromagnetic Fluctuations in Heavily Overdoped
(Bi,Pb),Sr,CuQyg., 5 Copper Oxides
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