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Introduction

The Hadronic Vacuum Polarization (HVP), arising from vacuum fluctuations in which a virtual pho-
ton temporarily converts into quarks and gluons, plays a crucial role in Standard Model (SM) predic-
tions of the muons anomalous magnetic moment, aµ. Lattice Quantum Chromodynamics (LQCD)
provides a powerful approach to compute aHVPµ . With the increasing precision of lattice calculations,
it becomes necessary to include the leading-order Isospin Breaking (LIB) corrections to aHVPµ coming
from the electromagnetic and strong isospin-breaking effects.

Setup

We compute the LIB effects on observables using isosymmetric QCD (isoQCD) gauge ensembles
from ETMC Table 1. A local mixed lattice action for QCD+QED with dynamical u, d, s, c quarks is
defined [1] using maximally twisted mass Wilson clover fermions [2]:

Smix = STM[⃗g
0 ] + Sghost[⃗g

0 ] + SQCED[⃗g ] ,

name L [fm] a [fm] Mπ [MeV] MπL

B48 3.84 ∼0.08 ≈ 135 2.63
B64 5.12 ∼0.08 ≈ 135 3.51

Table 1: ETMC’s Nf = 2+1+1 gauge
ensembles analysed in this project. The
time extent is always set to T = 2L.

Where STM is the automatically O(a) improved fermionic
lattice action used in ETMC ensembles production [3].
The bare parameters g⃗0 and g⃗ refer to the isoQCD and to
the QCD + QED theories. In the electro-quenched (EQ)
approximation we assume a = a0 (equal lattice spacing
in the two theories) with a change in the bare strong cou-
pling. The QCD+QED action with U denote the SU(3)
gauge link-field and A the QED non-compact gauge po-
tential.

SQCED[U,A, qf , q̄f ] =
∑

f=u,d,s,c

∑
x

q̄f (x)
{
γµ∇̃µ [U,A]− iγ5 rf

(
W

f
cl [U ] +m

f
cr

)
+ µf

}
qf (x)

where W f
cl[U,A] is the clover Wilson term, mf

cr the critical mass for flavour f , while ru = rc = 1 and
rd = rs = −1 Furthermore, mu

cr = mc
cr and md

cr = ms
cr since critical masses differ only due to QED

effects. Moreover, SQCED is automatically O(a)-improved [4]. Lastly, Sghost has the same structure
as SQCED and the field content needed to cancel the quark determinant coming from STM [g0] up to
O
(
a2
)
. We compute the LIB corrections using the RM123 method expanding in g⃗ − g⃗0

⟨O [U,A; g⃗]⟩g⃗ = ⟨O [U ; g⃗0]⟩g⃗0 +∆ ⟨O[U,A; g⃗ ]⟩g⃗0 +O
(
α2em, δ

2
ud, αemδud

)
,

Wick contraction: Pseudoscalar q̄fγ5qf insertion

∆ ⟨O⟩g⃗0 = 1

2
e2
∂⟨O⟩g⃗
∂e2

∣∣∣∣
g⃗=g⃗0

+
∑
f=u,d

s,c

(µf − µ0f )
∂⟨O⟩g⃗
∂µf

∣∣∣∣
g⃗=g⃗0

+
∑
f=u,d

s,c

(m
f
cr −m0

cr)
∂⟨O⟩g⃗

∂mf
cr

∣∣∣∣
g⃗=g⃗0

Numerical derivatives: Uµ(x) = Uµ(x) e
ie efAµ(x+aµ̂/2)

∂⟨O⟩g⃗
∂e2

=
⟨O(e)⟩−2⟨O(0)⟩+⟨O(−e)⟩

e2

Scalar q̄f11qf insertion

In this way local gauge symmetries are preserved, lattice artifacts for physical observables are
O(a2n), n ∈ N and the QCD+QED results to first order in αem and δmud are obtained in terms
of correlations functions evaluated in isoQCD. In our calculation we implemented a hadronic renor-
malization scheme for QCD+QED [5–7]. To set the scale in isosymmetric QCD (isoQCD), we adopt
the Edinburgh/FLAG consensus values:

fπ = 130.5 MeV Mπ = 135.0 MeV MK = 494.6 MeV MDs
= 1967 MeV .

Counterterm and scale setting

The critical mass shifts are generated only from QED effects can be determined, as in [8], imposing

C̄(t) ≡ ∂0
∑
x⃗

⟨V 1
0 (x)P

2(0) ⟩g⃗
/

2
∑
x⃗

⟨P 2(x)P 2(0) ⟩g⃗ = 0 (1)

where V 1
0 (y) =

(
ψ̄ℓ γ

0 τ1ψℓ
)
(y) and P 2(y) =

(
ψ̄ℓ γ

5 τ2ψℓ
)
(y) with ψℓ = (u, d)T . Since

we are working in EQ approximation ∆md
cr = (qd/qu)

2∆mu
cr and can define ∆m̄cr ≡(

q2u + q2d
) (

∆m
f
cr/2q

2
f

)
. Imposing Eq.(1) we get ∆m̄cr as in Figure 1. To determine

the shift in the quark masses ∆µf = µf − µ0f , we compute the corrections to the
mesons masses MP with P = π+, K+, K0 and Ds and impose their experimental value.
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Figure 1: Critical mass shift ∆m̄cr determi-
nations on the cB211.072.64 ensemble.

Furthermore, we used the QED Finite Size Effects
(FSE) given in [9] to correct for the dominating
hadron structure independent FSE. This renormal-
ization scheme holds in EQ approximation. Beyond
the EQ approximation, LIB effects change also the
lattice spacing and five independent hadronic inputs
will be used for QCD+QED renormalization, such as
Mπ+, MK+, MK0, MDs

, MD0 (The proposal on the
ongoing computer allocation was to use the Ω baryon
mass MΩ for the computer allocation. However, due
to a significant reduction in resources, this subproject
had to be aborted).

LIB contibution to aHVPµ

With all counterterms determined, we compute corrections to aHVPµ in the time-momentum represen-
tation [10]:

aHVPµ = 2α2em

∫ ∞

0
dt t2K

(
mµt

)
ĈJJ(t) , (2)

whereK(mµt) is an analytic kernel and ĈJJ(t) is the renormalized two-point vector-vector correlator

Ĉ
f
JJ(t) = Z2

V,fC
f
JJ(t) ĈJJ(t) =

1

3

∑
i=1,2,3

∫
d3x⟨Ji(x⃗, t)J

†
i (0)⟩ ,

with Ji(x⃗, t) =
∑
fu,d,s,c,... qf f̄ (x)γif (x) and ZV,f is the renormalization constant for the flavour f .

The correction to the renormalized two-point vector-vector correlator reads

∆Ĉ
f
JJ(t) = Z2

V,f∆C
f
JJ(t) + 2ZV∆ZV,fC

f,iso
JJ (t)

where ∆ZV,f is the QED correction for the flavour f to the isoQCD renormalization constant ZV .
The relation used to determine ZV,f normalization constant in isoQCD keeps holding in our QCD +
QED mixed action setup [11], we can compute ∆ZV,f

∆ZV,f = ∆
{
2µfCPP (t)

/
∂0CA0P (t)

}
The integral in Eq. 2 is performed as a finite sum up to a value tcut

∆aHVPµ (f ; tcut) = 2α2em

ncut∑
n=0

n2K
(
mµan

)
∆Ĉ

f
JJ(an) ,

where ncut = tcut/a is the Euclidean time in lattice units. To reduce the noise on the corrections to
aHVPµ (ℓ) we calculate them at larger value of the quark mass mℓ = rmµℓ with rm = 3, 5, 7, 9 and
extrapolate to the isoQCD light point rm = 1 for each values of tcut, Figure 2 left panel.
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Figure 2: (left) Chiral extrapolation of ∆aHVPµ (ℓ; tcut) for the cB211.072.64 (B64) ensemble. (right) The time depen-
dence of the extrapolated ∆aHVPµ (ℓ; tcut) on the two volumes L ∼ 3.8 fm (B48 in blue) and L ∼ 5.1 fm (B64 in orange).

The extrapolated results for each tcut for the two volumes are presented in Figure 2 right panel.
The analysis of the larger volume B96 gauge ensemble, that we propose in the continuation of the

project, together with an increase of statistics on the B48 and B64 ensembles, will allow us to clarify
whether the marginal tension seen in Figure 2 right panel is a due to a statistical fluctuation or to a
genuine finite size effect. Our errors here are preliminary and merely statistical and a careful assess-
ment of systematic error is in progress, we are planning to repeat the study at three more value of the
lattice spacing and to evaluate the EQ quark disconnected and electro-unquenched contributions in
the future in separate projects of ETMC.
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